Launching a nondiffractive Bessel pulse in a solution of Coumarine 120 in methanol creates a high contrast, 40 mm long, 10 µm width fluorescence channel excited by 3-photon absorption process. 
Introduction
This article aims to demonstrate the particular advantages of using non-standard conical waves in the place of conventional laser beams, for the purpose of achieving extreme performance in several areas of laser optics among the most important, ranging from material processing to microscopy and to the development of novel coherent light sources.
Conical waves are unique and peculiar wave packets, in which the energy flow is not directed along the beam axis, as in conventional waves. In contrast, here the energy arrives laterally, i.e., from a cone-shaped surface, leading to the appearance of a very intense and localized interference peak at the cone vertex. Significant examples of conical waves are Bessel (or Durnin) beams [1] in the continuous-wave limit, and X waves, in the ultra-short pulse regime which exhibit stationarity also in presence of material chromatic dispersion [4] . To date, conical wave packets (CWP) have mostly been considered for applications in the linear regime (see review in ref. [9] ).
In the linear case the key feature addressed in the literature is the property of exhibiting a very localized peak, both in transverse (down to a few wavelengths) [2, 3] and longitudinal (down to a few cycles) [7, 8] coordinates. This peak propagates free of diffraction and dispersion, even in dispersive materials, over distances that outclass by orders of magnitudes those achievable with conventional Gaussian-like beams. The drawback is that such a peak is supported by the presence of slowly decaying tails, which contain the larger part of the wave energy. These tails extend far from the peak. Consequently, the overall wave packet does not behave as a genuine localized wave, but rather as an extended wave. Thus, for example, if a Bessel beam is used for linear microscopy, owing to its non-diffractive property, very small objects deep inside a thick transparent sample can indeed be detected; this is not possible with Gaussian-like beams. However, due to the presence of large side lobes, both the contrast and the quality of the final image are reduced dramatically, which renders the option unsuitable for breakthrough in applications. This explains why conical waves have not made a breakthrough in field applications, until now. Fig. 1 . Experimental setup. A Gaussian 1ps pulse is converted into a Bessel pulse using an axicon with 2.3 degres base angle. The Bessel pulse (which remains focused on a 10 cm distance) passes through a 4 cm cell filled with a light Coumarine 120 methanol solution. 3-photon fluorescence is recorded by CCD side imaging.
Imaging lens
The novelty of our approach is the proposed exploitation of conical waves in the non-linear regime, i.e., in conditions where matter only responds to the high-intensity (or hot) part of the wave, being transparent to the weak (or cold) portion. In other words, we intend to use weakly-localized conical waves as the source for a strongly-localized non-linear polarization. In these operating conditions, never considered before, the cold part of the wave will behave as a reservoir travelling locked to the hot peak. This cold reservoir stores an enormous amount of energy and continually refils the hot peak where energy exchange with matter and/or dissipation typically take place due to the non-linear matter response (see ref.
[6]). In this case the unique non-diffractive and non-dispersive properties of conical waves will reveal a dramatic potential for applications. In fact, the peculiar properties of nonlinear conical waves ensure stationarity and mantainence of a high degree of localization of the interaction region (the hot spot) over a very long path inside the material, which is not possible either for Gaussian or for linear conical waves.
In virtually all physical systems, dissipation always accompanies wave-packet collapse. The stationarity of CWPs in the presence of non-linear losses claimed above therefore suggests that a crucial role is played by CWPs in the case of collapse or in strong-localization processes. This simple but original claim, which connects the non-linear losses with the geometry of the process, opens up a new perspective in non-linear wave physics.
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Nonlinear loss localization: experimental evidence
In a first experiment we filled a 4 cm long cuvette with a solution of methanol and Coumarine 120. The fluorescence channel is excited by launching a 1ps, 1mJ, 1055nm pulsed Bessel beam, generated by transmitting a 4mm FWHM Gaussian beam through an axicon with 2.3 degres base angle. With this setting, the Gaussian-apodized Bessel beam is expected to create a 20µm FWHM central spike, whose energy (within the fist-zero circle) is of 15 µJ. A schematic description of the experimantal apparatus is presented in Fig. 1 . Figure 2a reports the result of the measurement of the fluorescence-channel profile, excited in the Cumarine solution via three-photon absorption (TPA) (the Cumarine absoption peak is located at 350 nm). The detection has been performed by side imaging via a commercial CCD photocamera (Canon-EOS D30). Fig. 2b illustrates for comparison the fluorescence channel generated when a 1ps, 70 µJ, 1055nm, 20µm FWHM pulsed Gaussian beam was launched with the beam waist located inside the couvette. As expected, a high contrast, high focal depth, ultra thin fluorescence channel is excited in the case of Bessel-beam illumination.
In a second experiment we launched in the Cumarine 120 solution a continous wave (CW), 10 mW, 532 nm Bessel beam, generated by transmitting a 4mm FWHM Gaussian beam through the same axicon. With this setting, the Gaussian-apodized Bessel beam is expected to create a 10µm FWHM central spike. Owing to the very low power, only linear interaction (e.g onephoton scattering process) is expected to occur. Figure 3a reports the measurement of the scattered light, acquired with the identical detection apparatus as in Fig. 2a and 2b . Note how, in spite of the twice smaller central spike, the scattering process in linear regime fills a much broader area, owing to the contribution of Bessel's sidelobes to the scattering process. This result unambigously demonstrates the advantage of exciting the channel in multi-photon absorption regime. We mention that direct measurement of the linear scattering generated by the 1055 nm pulsed Bessel beam was prevented owing to cut off in sensitivity of our CCD in the infrared spectral region. Figure 3b reports a zoomed portion of Figure 2a for comparison.
Nonlinear loss localization: model and simulations
A better comprehension of the fenomenon can be achieved by means of a numeric simulation. We performed a calculation of the propagation of a Gaussian apodized pulsed Bessel beam (wavelength 1055 nm, pulse duration 1 ps, FWHM 20 µm , energy 1 mJ) and a pulsed Gaussian beam (wavelength 1055 nm, pulse duration 1 ps, FWHM 20 µm , energy 15 µJ) in a Coumarine 120 methanol solution. The nonlinear properties of the medium are Kerr self focusing (with a coefficient for nonlinear refraction index n 2 = 4.7000e-16 cm 2 /W ) and 3-photon absorption. The propagation equation solved by the code is an extended nonlinear Schrödinger equation [11] : it describes the propagation along the z axis of the envelope of the laser field with central frequency ω 0 :
whereÊ (r, ω, z) = TF{E (r,t, z)} (TF stands for time Foureier transfrom),Û(ω)
is the group velocity and TF{N(E )} the time-Fourier transform of the nonlinear terms. Here n(ω) denotes the linear refraction index. The nonlinear terms is
The operator T ≡ 1 + i ω 0 ∂ ∂t accounts for pulse self-steepening; ρ is the molar concentration of the multiphoton absorber (10% in this case). Factor β K (K = 3) is computed with Keldysh formula [10] . Bessel beam is apodized with a Gaussian mask with a FWHM of 4 mm, so that the input pulse in the simulation is not an idealized radially infinite one, but a real world Bessel pulse.
Energy fluence (a)
(b) A study of the nonlinear losses can be carried out by the use of term NLL[E (t)] of equation 4 and the intensity profiles obtained with propagation equation 1. Assuming that operatorsÛ in eq. 1 and T in eq. 3 and 4 equal unit, it is found that
and
I being the intensity (I ∝ E · E * ). Term D is responsable of the intensity redistribution for diffraction and dispersion, while L is the intensity nonlinear loss. So, once calculated the intensity profile I(r, z,t) by the use of eq. 1, the intensity nonlinear loss for a given profile
that represents the energy density loss due to nonlinear absorption (measured in J/cm 3 ). This procedure has been iterated for allz (so we shall identifyz = z). Since the only abosrption mechanism is three photon absorption, we expect the fluorescence to be proportional to L(z, r).
Simulation results
The results of the propagation of the two pulses are reported in figure 4 . Here, the fluence prifile defined as F(r, z) = dtI (r,t, z) is plotted as a function of the radial coordinate and the propagation distance for the nonlinear Bessel (a) and the Gaussian (b) pulses. Figure 5 shows energy losses due to three photon absorption (function L(r, z) of equation 8) in J/cm 3 as a function of the propagation distance and radius both for the Bessel (a) and the Gaussian (b) pulse. Figure 6 shows the beam width at half maximum as a function of the propagation distance of the Bessel (a) and the Gaussian (b) pulses. For comparison, the beam width obtained by linear propagationof the same pulses is plotted in dashed curves. Figure 2c and d show the energy density losses (eq. 8) as a function of the propagation distance. The integration mimics the actual measurement procedure, which accumulates fluorescence light generated by all transverse planes at different depth in the sample. Propagation, simulated over 10 cm show that the Bessel central peak after a few strong oscillations arrives to a stationary radial profile mantained over the whole propagation length as shown in figure 4a. On the contrary nonlinear propagation of the Gaussian beam (figure 4b) is characterized by the complete dissipation of the pulse, which exhausts after a few millimiters without having reached any stationary profile. The robustness of the conical wave against strongly nonlinear propagation is due to the fact that nonlinear losses are compensated thanks to the continue refilling of the hot core by linearly propagated energy coming from the outer rings. Figure 5a , which plots function L(r, z,t) computed on the Bessel beam, clearly shows that absorption involves just the central peak, while outer rings propagate quite untouched. So although 42.5% of the total energy is absorbed in 10 cm, the central peak profile remains unchanged. This is not true for the Gaussian beam, whose energy dissipation proces shown in figure 5b involves all the beam. For this reason dissipation reaches 82.5% and completelly destroys the beam in just 4 mm. Moreover, the fact that nonlinear absorption involves just the central peak of the Bessel pulse, implies a great enhancement in contrast for the generated fluorescence with respect to the linear slow decaying Bessel pulse, since fluorescence radial profile mantains Gaussian-like fast decaying (see again figure 5a) over the 10 cm long propagation.
Results discussion
(a) (b) propagation distance (cm) A comparison between linear and nonlinear propagated pulses is shown in figure 6 . For the Bessel pulse (Fig. 6a) it is clear that the combined action of Kerr focusing, dispersion and multiphoton absorption lead to a transvert compression by a factor 2 of the central spot. After a few oscillations in the first millimiters the beam width at half maximum does not change over the remaining 8 cm long propagation. A different scenario is obtained for the Gaussian profile, as can be seen in figure 6b : the comparison between the linear and nonlinear propagation of the Gaussian beam shows that the pulse forms a filament in the nonlinear regime. Self focusing shrinks the FWHM from 20 to 6.5 µm but the pulse continues its propagation for only 4 equivalent Rayleigh ranges. Indeed the Rayleigh range of a Gaussian profile with 6.5 µm FWHM is 180 µm, about four time less than the propagation length of the filament generated here by competition between Kerr-nonlinearity, diffraction and nonlinear losses [12] .
Conclusions
We have explored nonlinear properties of pulsed-Bessel beams by exciting 3-photon absoprtion in a linearly transparent material (Coumarine 120 in Methanol). We found out new features that make the nonlinear polarization excited by a Bessel pulse much more suitable for applications than both linear propagated Bessel beams and Gaussian beams. With the Bessel beam we recorded an excellent improvement in contrast: while linear Bessel beams have a slowly decaying intensity profile, the nonlinear excitations triggered by the nonlinear propagation of the Bessel beam maintains a high contrast along the long focal depth of the nondiffracting central Bessel spot. In contrast with both the linear and the nonlinear propagation of Gaussian beams, arbitrary long focal depth mantaining the same desired resolution and contrast could be achieved with the Bessel beam.
These experimental evidences can lead to new applications in various fields. In multiphoton microscopy the use of conical pulses can give the possibility of reaching simultaneus great focal depth and contrast; frequency conversion can take advantage of the long interaction range for the generation of harmonics with a great efficency, while in photolitography, micromachining and channel wave guide writing with longitudinal illumination one can expect to increase contrast and resolution while keeping arbitrary long focal depth.
